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Abstract

We have derived the expressions for the viscous forces acting on a bubble in a cloud of bubbles by using the approach by
Levich. To obtain the dissipation function, an approximate expression for the velocity potential calculated previously by the
authors up to ordes3 has been used. Hefe= b/d is a small dimensionless parameteis the mean bubble radius adds
the mean distance between bubbles.
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1. Introduction

Levich [1] calculated the drag force acting on a bubble moving through a liquid at large Reynolds and small Weber numbers
(the last condition guarantees that the bubble shape is spherical) defining the total viscous dissipation through the velocity
potential of irrotational flow (see also Moore [2] and Batchelor [3]). With the use of this approach, he obtained the drag force
F in a translational motion of a bubble of unchanged radius

F =127 ubU. (1)

It differs from the drag force given by the theory of viscous potential motions. In the last method, the viscous flow is supposed
to be potential, and the viscosity is taken into account only in the dynamic condition expressing the continuity of the normal
stress at the gas—liquid interface (Moore [4], see also Joseph and Wang [5]). The corresponding drag force is then

F =8rubU.

Herep is the dynamic viscosity of the fluid/ is the bubble velocity, and is the bubble radius. Moore [2] justified further the
approach by Levich by developing of the model of the boundary layer wrapped around bubble. Moreover, recently Magnaudet
and Legendre [6] calculated the drag force on a spherical compressible bubble by using the full Navier—Stokes equations. In
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particular, they found that the Levich formula (1) is valid not only in the high-Reynolds limit, but also for moderate and even
small Reynolds numbers, provided the bubble pulsation velocity is high with respect to the flow velocity.

Both approaches, the method of dissipation function and the method of viscous potential motions, give the same result if we
calculate the viscous forces on an oscillating bubble without translational motion (the Rayleigh—Plesset equation):

@b 3/db\? 1 4y db
b@ﬂ-i(a) —;(Pg—l’oo)—p—ba~ (2
Herep is the fluid densityp, (b) is the pressure in a bubble (it is a given functiorbifand poo is the fluid pressure at infinity.

The Levich approach allows to apply the Lagrange formalism for constructing the governing equations of motion with non-
potential forces derived from the Rayleigh dissipation function method (see, for example, Goldstein, Poole and Safko [7]). More
exactly, if we consider a bubble of radiig) oscillating with the velocity (1) = db/dr whose center position is¢) and the
translational velocity(¢) = dr (¢) /dt, the equations of motion are (Moinov and Golovin [8]):

d(BL) oL 199

d\av) ar 2av’

3
d/aL L 199
dr \ ds b~ 2 ds

Egs. (3) imply the energy equation in the form

d 8Lv + dL I3 o

-\ = —s— =—-9.

dr \ av ds
HereL is the Lagrangian of the system,is the Rayleigh dissipation function. In the case of a massless bubble, the Lagrangian
is

»3
L= %MZ + 27rpb3s2 —&(1).

Here

o0

e(t) =/Pg(Z) dz + poot

T

is the internal energy of the gas—liquid systems 47'rb3/3 is the bubble volume. The dissipation functidncan be explicitly
calculated for the velocity potential of the flow around a single bubble:

T x=rol T 2 x—rn])

Itis given by
_ : o[, 2dr — 2 2
D =2u D:Ddo=—n 3 Vol dF—4]Tpr(4S =+ 3|v| ) 4)
n
R3\B r

Here B is a region occupied by the bubblE,= 9 B is the bubble boundary) = (3u/ax + (3u/ax)")/2 is the rate of defor-
mation tensonl = Vg, n is the normal vector t@" directed to the fluid. System (3) can be rewritten in the following equivalent
form:

d/2
— <§7pr3V) = —12mr ubv,

dr

&2 3/db\% 1 1 4 db ©
o 2(PY _ 2o = _ _ap e

dt2+2<dz> rid p(pg(b) L) ob dr

The general case d¥ interacting rigid bubbles was considered first by Golovin [9]. For a dilute bubbly mixture, he derived
the equations of motion as well as the friction forces (by using Levich’s approach) up togtdeiere 8 = b/d is a small
parameter which is the ratio of the mean bubble radits the mean distancé between bubbles. Obviouslyzr§3/3 is the
volume fraction of bubbles in the limiv — co. Kok [10,11] (and references therein), studied analytically and experimentally
the dynamics of a pair of rigid bubbles of equal radii. In particular, he derived the equations of motion up to any @grder of
Sangani and Didvania [12] and Smereka [13] examined the dynami¢sabbles numerically. In particular, they showed that
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the random state of massless rigid bubbles was unstable, and that the bubbles formed aggregates in plane transverse to gravit
This conclusion was confirmed analytically by Van Wijngaarden [14]. The “thermodynamics” of clustering of a system of
rigid bubbles has been studied by Yurkovetsky and Brady [15]. They proved that sufficiently strong bubble velocity oscillations
can prevent clustering. Russo and Smereka [16] and Herrero, Lucquin-Desreux and Perthame [17] obtained a Vlasov type
system describing the motion of massless rigid spheres. Harkin, Kaper and Nadim [18] obtained the equations of motion of
two pulsating and translating spherical bubbles. They calculated the flow potential up tghrdée friction forces were not
calculated with the same precision: the authors used for numerical purposes the classical Levich forces acting on an isolated
bubble. Teshukov and Gavrilyuk [19] studied the systenvafompressible bubbles and obtained a Vlasov type system in the
dissipation-free limit. In that work, they calculated the flow potential up to opdewnhich accounts for pair-wise interactions
between bubbles. They have shown, in particular, that the bubble oscillations regularize the bubble flow dynamics: in the
hydrodynamic limit, the dispersion relation has real roots. One can speculate that this could be responsible for the stability of
random bubble clouds. In that work, the expressions for the friction forces were not derived.

The aim of this article is to determine the drag forces on bubbles in a cloNdwéssless compressible bubbles. This prob-
lem was considered by Voinov and Golovin [8] and Wang and Smereka [20] who also obtained approximate expressions of these
forces. In the present work, the expressions for the drag forces are obtained using Levich’s approach and an explicit formula for
the velocity potential of the flow wittv compressible bubbles calculated up to org2in Teshukov and Gavrilyuk [19].

2. Velocity potential for a system of N compressible bubblesin an incompressible fluid

In the Levich approach, the dissipation functi@nis calculated by using the velocity potential for a systenvofubbles.
The corresponding potential has been found in Teshukov [21] and Teshukov and Gavrilyuk [19] in explicit asymptotic form
which is correct up to ordes3. For completeness, we shall shortly mention here results obtained in the last article.

We consideV spherical gas bubbles moving in an unbounded inviscid incompressible fluid. We assume that the fluid flow
in the region between bubbles is irrotational and the velocity vector vanisheis-asco. The fluid velocity potentiag(z, x) is
a solution of the following boundary-value problem:

I¢
.=vj~n.,-+s/~,

Ap =0, X€Q=R3\UB/, —
j on Fj

(6)

Vo — 0, |X]— oo.

Herev;(r) = x/j (¢) are the velocities of the centers of spherical bubbigss b/j (1) are the velocities of expansion of the
bubblesxj (1) are the radius-vectors of the centerg(t) are the bubble radiij=1, ..., N), Bj andl"j are a ball and a sphere
of radiusb () with center at the point; (1), respectively, and; is the unit normal vector té’; directed to the fluid. Here the
prime denotes the derivative with respect to time. This problem describes the motion of a collection of compressible bubbles in
otherwise quiescent fluid.

The unknown potential of the irrotational flow can be written as

N
o= (V¥ +s;9)),
j=1

where, in view of (6), the harmonic functiows; (, x) andg; (¢, x) satisfy the conditions

oy ; ap;
v, =80, ?j
on

) =8k
T on J

I
and their gradients vanish at infinity. Hefg, are the Kronecker symbols.

In what follows, we consider a rarefied bubbly fluid for whighs a small parameter. Asymptotic expressiong pandy ;
up to orderg? are given in Teshukov and Gavrilyuk [19]:

b2
Qﬁj:—%‘*'z@ji, 7
i)

J

Y Z n [ b; ntl b; nP (Cos ;) (8)
QOJZ_ rl-j e }’l+1 ri rij " Ji0
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Here
X: — X; (X—X')'n"
ri=IX=Xl, rji=I1X;j =X, nj= jr__l, COS@jizirl' = Bij=1-3n;; ®nji,
Ji i

P, (cos9) are the Legendre polynomials (Gradsteyn and Ryzhik [22i8,the unit matrix, an@ ® b is the tensor product.

Itis easy to see thalp; /on|r;, =8 +O(B*) by virtue of the estimates;; |, = O(8%) andVe ;| = O(BY), i #k. The
harmonic functiony ;; satisfies the condition&y jo + ¥ j;)/onlr; =0,¥ ;| = o4, oY j/onln, =38n; + o4, and
V¥ il = OB fori #k.

In Teshukov and Gavrilyuk [19] there is a misprint: the sign “~” before the expression (10) was absent. However, all further
calculations in the above mentioned paper took into account the right sign.

Using the asymptotic expansion i) we have obtained an approximate representation of the fluid velocity potential for the
specified positionxj, radii bj, translational velocitiesj and dilatation velocitiesj of bubbles. This enables us to calculate
the kinetic energy of the fluid:

N N 2
P 2 bj bj

TZE( E b?<§ﬂ|vi|2+4ﬂsi2>+ E E <4ﬂb12bjr_/SISj+2ﬂb13<r_/) Sj(njl'-Vi)
i=1 i=1j#i Y Y

2w b3 bi 2. v b3 bj 3 BV 11
+ i a si(Njj -v;) +7b; E (vj-Bjjvi) ) |- (11)

In this formula, the first sum comprises the zero order ternf amd the second sum includes terms of ordﬁrﬁz, andﬂ3.
The lower order approximate formula f@r containing the terms up t82 has also been obtained by Voinov and Golovin [8].
For the case of rigid bubbles of equal radii the formulaZfowas obtained by Golovin [9] (see also Russo and Smereka [16]).

The problem of motion of a fluid with bubbles is Lagrangian in the case where the flow of the fluid is completely de-
termined by the bubble motion (Voinov and Golovin [8]). The Euler—Lagrange equations for the generalized coordinates and
corresponding velocities are:

N

d /oL L
—|—)—-——=0, L=T-U, U= e(tj). 12
dt(ay/> ay; ,; ! -

Herey; = (x;, bj)T (j =1,...,N) are the vectors with four components. Now we will introduce the drag forces by using the
Levich approach.

3. Dissipation function

The drag forces are calculated through the derivatiMegov ;, 9@ /ds; of the dissipation function

3% 9%

RA\U; B) RA\U; B;

which is a quadratic function of; ands;. This formula can be rewritten in the form (Batchelor [3]):

Yo N

@ = _“Z/ E|w|2dr = _“Z/ 5|V(p|2d[‘.
k=1p, k=1p,

Herer is the distance from the bubble center. We assume that the syst¥mutfbles is governed by the equations

d < L ) oL 199

il (i e e il F=Xi, b)) 13
dr 3)'/]' Byj 23)'/]" y'/ (XJ ‘I) ( )
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generalizing (12) to the case of non-potential forces. To find the drag forces explicitly, we need to calculate the derivatives of
with respect tov; ands ;. For any constant vectdr

P
v, h=—-2u Z/ (V@;-h)-Ve)d ——4HZ/V(~/,] h) - —(Vgo)dF
:—4HZ/hT——(V¢)dF.
k=1p,
Hence
a3 \T Noroy;
(a—) =—4u2/——(V¢)dF (14)
i e} d
—17,
In the same manner,
9P
aT“““Z [vei 5o, (15)
o k=1p,

To calculate (14), (15), we evaluate the value$9fandgoj as well as the gradients of these functions o alln the following

the outward normal vector; to I'; , j =1,..., N, will be denoted as. From (7)—(10) we obtain approximate expressions of
these functions and their derlvatlves correct uﬁ%Nhich are necessary to construct the dissipation function. Further, we will
use the sigh~" to say that a given expression is correct umﬁ)(terms of ordeig? and higher are omitted).

3.1. Calculation of drag forces

In this section we calculate the drag forces and give an expression of the dissipation function in explicit form.
Using the approximate formulae f@r; andy; obtained in Appendices A and B, we can evaluate the derivatives of the
dissipation function with respect to; ands; differing only by a constant multiplier from the drag forces. First, we shall

calculate the drag forces in the equations governing the translational motion of bubbles. The terpi® in(14) are given by

() = 2R () o
[ ()

I#J T

To evaluate (16) we consider three integrals. The first one is easily evaluated after substituting of approximate expressions for
the derivatives op; andy ; (see Appendices A and B):

;[ Ve, (3 (dV;\\T 1 3
Vl:_4u’/W(sj or +(87<W>> V]> dl":4u/§(1—3n®n)(sjn+Ej(l—Sn@n)w)dF
I

J J

6

:b—“/(1+3n®n)vjdr:24mijj. 17
j
T

We used here the equalities

/ndF:O, —/n@ndf—é (18)
I Iy

Further, we substitute approximate expressiongfoandy ; into
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Taking into account the equalities

8
/(1—3n®n)(1—3n®n)dr=8nb]2.1, /(I—3n®n)(1—n®n)dr:§bjzl
Iy d

and the definition of the first Legendre polynomials

w2-1
Pox)=1 Pi(x)=x, Px(x)= >

we obtain the expression

b.
V2_1271p.bjz< ) B,'jVi—}—SJT;/.ijsi(r'l') nl,+12MZ

i#] i Y iz bir u

/ ncosy;; dr.

473

(19)

To calculate the last integral, it is convenient to use the spherical coordrma&g,s. A;j with z-axis directed along;;. In the

spherical coordinates the normal vectortpis:
N =(sing;; CosA;;, Sing;; sini; ;, cosY; ).
Using this formula we find
/ncosé),»j dr = gnbinij
T
and

2 3
bA
Vo =24 b § s,< ’) n;j +12rub; § ( )Bi/vi.
rij rij ’

i#] i#]
In calculation of the third term we use similar identities and obtain

ot [ T (G (5)) v)er

I#ir
\3 25
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i#i [ !
—12np.b3Z—3B,jV,
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Finally,
ad\T bi \?
(—) xvl+v2+V3:24nuijj+24ijzsi(—’> n;j
o iz N
b.
+127'r,ub Z( ) Bijvi+127'[lv1«b]3~z_é3ijvi-
i#j i#j"ij

We proceed now to find the viscous force in the equations governing the bubble oscillations:

(20)

(1)
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AP
KZ_%Z/W)’ —(w)drw—%/w] —(Vw)dF
av 9 (v \\"
_4MZ/V§0] ( ;pl-i-(g(;il)) v,-)dl“.
i#jr

First, let us calculate the principal term

Ve; (3 (Vi
si=—u [ vy (5570 (5 (5)) w)or
r

J

b 2b

2s
:—4M/n-<——n+—(I—3n®n)v,)d1“=327mbjsj. (22)
J

J

The orthogonality of the Legendre polynomials and the first identity of (18) imply thatfoy up to 83

IV / 3 (v \\"
Vo;- I'~ Vo, | — ; dI" ~ 0.
/‘pl ar A0 vi <8r<8x vidr~0
I

I j
Hence
IV, 3 (v \\"
—_4 Vo - . — v; |dI" =~ 0.
%2 ,u/ vi Z(sl or +<8r< X !
I i#]

Now we have to calculate the last term

|
s (G

I#ir;

; 2n-|—l bi \" 3 25
Mlé&]/( bﬂ”z] n+l < ) n(CO ]z)( n®n)n]z 2bl( n®n)v, —bi n

Since(I —n®n)n;; -n=0, and the ponnomiaP’(x) is odd,

S3_9ub22 /(1—n®n)nj, (I-3n@n)yv;dlr = 9/,Lb22 [ (I —n®@nyy;dr
i#j bir lj i#j bir ”
:2471/,1,1??2 —énﬁ - V.
i#jij

Hence

0P 2

o N S1+ Sp+ S3 =32t pubjsj + 247 b > 2n], V. (23)

5 i#jij
Finally, it follows from (21) and (23) that the drag forces are given by

1/00 bi \?
v __ ..
Ff__§<_avj> ~—<1271p,b iVj+ 127 pb; E s,( z]) n;j

i#]
b.
+6rub; Z( ) BijVi+6ﬂ/Lb?Zr—?l’BijVi> (24)
i#j i#jij
and
. 1loo »
F;=_§¥j~_<1&rub sj+12Tpubs Y znj, vl> (29)

i#j ij
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It is worth to note that expression (25) does not contaifi¥pterms: they vanish identically.

Formulae (24), (25) allow us to find the expression for the dissipation fundtiobet us designate byJif the ambient
velocity of fluid induced by the motion of other bubbles at the centeéttobubble:

b2s; b3 1
Ul.f = ZVXi (— LS ?"VX,. (—) .vk>. (26)
ket Tik Tik

Then the dissipation functiog is given by

N
@ =" (1657 +12v; — U/ ?).
i=1
This expression is exactly the same as that given by (4) for a single bubble, but in a fluid having the vbﬁoaiiwainity.

Direct calculations show that up to the terms of ord@iit gives us the drag forces (24), (25). A similar form of the expression
of the dissipation function was obtained by Wang and Smereka [20].

3.2. Equations of motion for a system of N bubbles

The buoyancy force and the surface tension can also be added through a simple changing of the Lagrangian of the system.
It is sufficient to takel. defined by (11), (12) in the form

N

N
4
L=T-U-) 4nabi2—zénpbi3g~xi, (27)
i=1 i=1

whereo is the surface tension coefficient agds the gravity. Finally, the equations of motion with Lagrangian (27) are:

d/aT aT bi \?
vy )~ =~ (2wt 4220t T (GE) o
i#]

b \* 3y bi 4 3
+6mub; Z(a> Bjjv; +6ﬂﬂbjz§BijVi — gn,objg, (28)
i#] i#j ]

d/oT oT 2 20 s b;
E(K) —W=47tbj<pg(bj)—poo— F_pg.xj_T—suz_énﬁ v ).
J J J J i;éjrl'j

Here the kinetic energy is given by (11). System (28) generalizes Egs. (5) describing the motion of a single bubble.

4, Conclusion

In this paper we have presented a regular asymptotic procedure for the calculation of the drag forces on bubbles in a cloud of
N compressible bubbles. By using the Levich approach, the viscous forces have been calculated explicitly ugth drder
derivation has been based on the asymptotic expansion for the velocity potential with the same precision. Formulae obtained
are in agreement with those found by Wang and Smereka [20]. A comparison with the lower order approximation obtained by
Voinov and Golovin [8] shows that not all terms of ordef are presented in their formulae. Finally, a general system (28)
describing the motion oV bubbles in the presence of real effects (viscous dissipation, gravity and surface tension) has been
derived.

Acknowledgement
The research was accomplished when the authors were visiting the Mathematisches Forschungsinstitut Oberwolfach. V.T.

was partially supported by the Russian Foundation of Basic Research, grant 04-01-00253, and by the Russian Ministry of
Education, grant E02-4.0-21.



476 SL. Gavrilyuk, V.M. Teshukov / European Journal of Mechanics B/Fluids 24 (2005) 468-477

Appendix A. Approximate formulaefor ¢ ; and their derivatives

First, we begin withy ;. We have from (9), (10):

| 1/b; 3( ) bjn
A ~—= =) X=x; =——n,
Vilr==3 ri P2
Y ; 1/b;\3 X—X:)® (X—X; 1
W, z——(—] (1—3( /) 2( J)> =—Z(I-3n®n),
X I 2 T rj I 2
K .
i(ﬂ) zi([_3n®n)’
b3 163 163 /p\3 3 3 b4
J J j(Dbi J
drp~—Lni;—Z<LBix—x)—>=L(=2) Bjix=x;)| =—%n;;—>-LB;in,
Vil = g2 i = 5,3 Bt 03 (o) Baoco] = ppmi- 538,
j ij ij i ij ij
3 3 3
Wy A AbieE L 3bb X @ - xi) 3<bj)33 U —nen
TN T3 lij T a3 3l T,y 3l T o = - ijU —
8)( 2r3 4r131 r[)?’ 4rl‘?; rl,3 riz n 4 rij

3 [0V 3 /b3
DI L3 (b Bij(I—3n®n).
or X I 4bi rij

Appendix B. Approximate formulaefor ¢; and their derivatives

The formulae fokp; following from (7)—(8) are:
b2

~ J
¢]|FJ~——

= b
. i
Ty

T

b2

Voilr; z—é(X—Xj)
r
J

=n,
T

0 Voj)
ar ¢

n n b2. 2 n+1 n
T b; J n b; b;
— — ] Py(coshj;) — — — — ) Py(cosd;;
b‘) (r> n(Cos0ji) rij ,12_:1'14-1(%‘) (rij n(cosji) L

b2 2 ont+1(b;\"
—_J (—l) Py (costj;).

ij o n+1 Tij
Since
X—X;)-n
COS@j,’Z( 1) ]l’
T
1 X—X;)® (X—X; 1
Vcosejim:—(l—%) jil =—U—n®@nnj;,
i r! r; b
we have
bz 2 b \" o\ n b n+1
Vol ~—v( 2L 4) ((7) + (7) )p cosd ‘
@jl]“, (rij ;(rij bi i’l+1 ri n( ]l) T
p2 2 b\ M-l pntl X —X;)
J i i i i
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p2 2

. 3 n(<’>n : (b'>n+l>
J i i i ’
- Ly (£ )4 - P/ (cosd;;)
Tij ;(rij) b; n+1\r " /!

i(l_ (X_Xi)%(x_xi)>nji

r :
i rl

2
2n+1/b;\"
= — ) P/(cos9;;)I —n®@nn;;.
n b’u Z: (Vij) n i)l BN

Here “” means the derivative oP, with respect to co8;;. Finally,

2 2 2 2
d bj b; b5 2n+1/(b; n ,
—(Vg)| =- n(2n+l)< ) P, (cost; )n+— (—) P, (cost;;)(I —n®@n)n;;.
or izrijn;l rp) T b UZ”H g/ g
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